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I n  t h i s  a r t ic le  formulas ( 3 )  are d e r i v e d  fo r  determining 
t h e  p o s i t i o n  of a c e l e s t i a l  object on t h e  b a s i s  of t w o  r e f e r e n c e  
stars given by e q u a t o r i a l  coo rd ina te s .  I n  t h i s  connect ion,  
second-order terms are taken i n t o  account which are de r ived  
for  a 5 O  x So f i e l d  wi th  an error n o t  greater than  1 sec. 
Ana lys i s  of t h i r d - o r d e r  terms shows t h a t  such terms can be d i s -  
carded f o r  t h e  same l i m i t a t i o n s  and f o r  d e c l i n a t i o n s  n o t  greater 
t h a n  6 0 ° .  I f  t h e  o b j e c t  being determined i s  l o c a t e d  close t o  
the  o p t i c a l  c e n t e r  t h e  p r e c i s i o n  of formulas ( 3 )  i s  i n c r e a s e d  
t e n f o l d .  

The method desc r ibed  h e r e  can be e a s i l y  extended t o  t h e  
case of t h r e e  r e f e r e n c e  s t a r s  [formulas (411 whereupon i n  t h i s  
case a l l  terms wi th  t h e  c o e f f i c i e n t  b, vanish ,  which may s i g n i -  
f i c a n t l y  i n c r e a s e  t h e  p r e c i s i o n  of de te rmina t ion  of object ' s  
p o s i t i o n .  Tables  are given a t  t h e  end of t h e  paper  f o r  a r a p i d  
account ing  of  second-order terms. 

* 
* * 

Numerous methods a r e  known fo r  determining t h e  p o s i t i o n  of  
a celest ia l  o b j e c t  on a photographic  p l a t e  with the a id  o f  t w o  
r e f e r e n c e  stars, fo r  example, t h e  methods proposed by Wolf, 
Reger,  Kaiser, Blazhko, F ick ,  Arend, e tc . ,  These methods are 
based on i s o l a t e d  p a r t i c u l a r  c o n s i d e r a t i o n s  which are n o t  connec- 
t e d  w i t h  t h e  g e n e r a l  t h e o r y  of photographic  de te rmina t ion  of 
celestial  coord ina te s .  A t  t h e  same t i m e ,  t h e  cond i t ions  l i m i t i n g  
t o  a g r e a t e r  o r  lesser e x t e n t  t h e  p r a c t i c a l  a p p l i c a t i o n  of t h e  
method are u s u a l l y  n o t  c l e a r l y  de f ined .  The s i m p l i c i t y  of t h e  
formulas and computation approaches a l s o  leaves much t o  be d e s i r e d .  
A t  t h e  same t i m e ,  a t y i n g  t o  t w o  o r  t h r e e  stars is  i i r p a r t a ~ t  i n  
determining  t h e  p o s i t i o n  of s m a l l  p l a n e t s  and comets when h igh  
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p r e c i s i o n  is  o f t e n  n o t  r equ i r ed  b u t  when it is  impor tan t  t o  
c u r t a i l  t h e  t i m e  needed for  measurements and p l a t e  process ing .  
I n  this con::?ction, w e  must remember t h a t  a r a t i o n a l  use of 
even t w o  r e fe rence  stars can o f t e n  a l l o w  us t o  determine t h e  
p o s i t i o n  of an object j u s t  as e f f e c t i v e l y  a s  w i t h  classical  
methods u t i l i z i n g  a l a r g e  number of s t a r s .  

I n  t h e  well-known Schles inger  method [l] t h e  p o s i t i o n  of 
t h e  celestial  o b j e c t  i s  determined w i t h  t h e  a i d  of three r e f e r e n c e  
stars. I t  may be shown (see ,  f o r  exaiiple,  ou r  n o t e  [ 2 1 )  t h a t  
S c h l e s i n g e r ' s  method s t e m s  from T u r n e r ' s  method of  s i x  cons t an t s .  
I n  1933,  Arend [31 developed t h e  S c h l e s i n g e r ' s  method of depen- 
dences i n  i t s  a p p l i c a t i o n  t o  two r e f e r e n c e  stars. W e  w i l l  show 
t h a t  Arend's formulas r e s u l t  f r o m  t h e  classical method of f o u r  
c o n s t a n t s .  W e  s h a l l  f u r t h e r  derive more convenient  and e x a c t  
formulas f o r  o b t a i n i n g  a and 6 of t h e  o b j e c t  d i r e c t l y  from 
e q u a t o r i a l  coo rd ina te s  of r e fe rence  stars. W e  s h a l l  c a l c u l a t e  
t h e  effect  e x e r t e d  by th i rd -o rde r  terms i n  t h e  cases of remote 
p o s i t i o n  of t h e  o b j e c t  from t h e  o p t i c a l  c e n t e r .  F i n a l l y ,  w e  
s h a l l  ex tend  o u r  method t o  t h e  case  o f  three r e f e r e n c e  s ta rs  
and w e  s h a l l  p r e s e n t  a simple method fo r  determining t h e  "depen- 
dences I' . 

A s  i s  w e l l  known, i n  t h e  four -cons tan t  method t h e  i d e a l  
coord ina te s  are l i n k e d  w i t h  t h e  measured coord ina te s  by a l i n e a r  
dependence b u t ,  a t  t h e  same t i m e ,  t h e  coord ina te s  are r ec t an -  
g u l a r  and t h e  scale is t h e  same i n  a l l  d i r e c t i o n s .  Therefore, 
we must f i r s t  cons ide r  t h e  nonorthogonal terms of d i f f e r e n t i a l  
r e f r a c t i o n .  

L e t  us assume t h a t  there  are t w o  r e f e r e n c e  stars and t h a t  
o b j e c t  t o  be determined i s  l o c a t e d  between t h e s e  stars.  Then, 
on t h e  basis  of t h e  four -cons tan t  method w e  may w r i t e :  

where x i ,  y i  are t h e  measured coord ina te s ,  X i ,  Y i  are t h e  i dea l  
c o o r d i n a t e s ,  and a, b ,  c, d are the  f o u r  unknown p l a t e  c o n s t a n t s .  
The t h i r d  l i n e  refers t o  t h e  object t o  be determined. Let.  us  
s u b t r a c t  t h e  f i r s t  l i n e s  from t h e  second l i n e s :  

A f t e r  i n t roduc ing  e v i d e n t  d e n o t a t i o n s ,  w e  have . 
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f r o m  which w e  f i n d  

L e t  u s  s u b s t i t u t e  i n t o  these e x p r e s s i o n s  t h e  found va lues  of 
a and b and l e t  u s  factor  o u t  AX and AY: - - 

where 

and  

X,--S,  = a, A S  + b,  AY, 
Y ,  - Y, = a l  A Y  - 6,AX, 

According t o  Sch le s inge r  c o e f f i c i e n t s  a and b can  be called 
"dependence 'I. They depend on ly  on the measured c o o r d i n a t e s .  

With r e s p e c t  t o  t h e  second r e f e r e n c e  s t a r  w e  can w r i t e  
ana logous ly  

where 

and 

whereby Ax, = x2-xo and Ay, = y2-yo .  
and fo r  a l l  t h e  numbering o r d e r  of t h e  stars so t h a t  X , > T ~ > T , .  

I n  this case, f o r  t h e  o t h e r  c o o r d i n a t e  w e  w i l l  have e i t h e r  
gz > y. > or y2 < Yo < YI. Consequently,  a 1 and a are always p o s i -  
t i v e .  I t  may be e a s i l y  seen that 

W e  can  e s t a b l i s h  once 

a , + a , = i  II 6 ,+6 , -0-  
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I n  p r a c t i c e ,  a, is  u s u a l l y  close t o  1 / 2  and b, i s  smaller than  
0.1.  C o e f f i c i e n t s  a ,  and b,  
metric s i g n i f i c a n c e  which w i l l  be u t i l i z e d  la ter .  Arend ( loc .  
c i t . )  has  
,y,,y, ]/= P o i n t s  S, anh S, are t h e  r e f e r e n c e  stars. 

P o i n t  A r e p r e s e n t s  t h e  o b j e c t  t o  be determined. Line segment 
AB = pLSlS2, and l i n e  segment BS, = m. 

(a, and b a )  have an impor t an t  geo- 

rn . b , = - -  . I n  F l g . 1  t h e  segment po in t ed  o u t  t h a t  a,=-- 9 

To provide  demonstration l e t  us r e p r e s e n t  

The r a t io s  
med by t h e  d t r a i g h t ' l i n e  S I S ,  with  t h e  a x i s  x. 
i n  pa ren theses  are t h e r e f o r e  t he  project ions-of  Ax, and Ayl onto  
t h e  s t r a i g h t  l i n e  S , S ,  and on to  t h e  l i n e  AB pe rpend icu la r  t o  t h e  
former.  The sum of t h e s e  p r o j e c t i o n s  y i e l d s  r e s p e c t i v e l y  t h e  
l i n e  segments B S ,  = m and AB = p. By making use  of t h i s  geo- 
m e t r i c  i n t e r p r e t a t i o n ,  t h e  c a l c u l a t i o n  of c o e f f i c i e n t s  a ,  and 
b, can be g r e a t l y  s i m p l i f i e d  by o r i e n t i n g  t h e  p l a t e  i n  t h e  mea- 
s u r i n g  ins t ruments  i n  such a way t h a t  t h e  s t r a i g h t  l i n e  S S ,  
c o i n c i d e  wi th  t h e  a x i s  x. 
of p o i n t s  S,, A and S 2  we s h a l l  o b t a i n  t h e  d i f f e r e n c e s  m and 1 
and t h e i r  r a t i o  a , .  
means of a pe rpend icu la r  screw, i f  one is  a v a i l a b l e ,  or  p la te  
r o t a t i o n  by 90'. I n  order t h a t  t h e  e r ro r  of t h e  coord ina te  be 
smaller than  0 . 1  min, it is necessary  t o  o b t a i n  i n  t h e  measuring 
in s t rumen t  t w o  mutual ly  perpendicular  d i r e c t i o n s  wi th  an error 

do=!!!!. However, dm = p t g i ,  where i is t h e  s l o p e  angle  of t he  
1 axes. I f  we p o s t u l a t e  I-foe=60' and 

9 :  

and A!! are t h e  c o s i n e  and s i n e  of t h e  angle  f o r -  
The expres s ions  

Then, a f t e r  measuring t h e  coorhnates  
- 

The l i n e  segment AB can be measurea by 

n o t  g r e a t e r  t han  1 min. Indeed, w e  have seen  t h a t  u = ~ , w h e n c e  m 

b, < 0 . 1 ,  w e  have p = 5 min. Assuming 
i = 1 min, w e  o b t a i n  d m =  0.0015 min, 
hence da  = 0.000025. Consider ing t h a t  
AX o r  AY a r e  n o t  g r e a t e r  than  lo = 3600 

I (2) an error  i n  t h e  coord ina te  smaller 

I 

I 
I ' t I '\ sec ,  w e  w i l l  o b t a i n  accord ing  t o  formulas 

I Y I  I than 0 . 1  sec. 
Yo ; I '  

I 
I 
I '  1 ' Y '  Formulas ( 2 )  are e x a c t  t o  t h e  same 

e x t e n t  as formulas (1). I f  t h e  o b j e c t  
i s  located on the s t r a i g h t  l i n e  connect ing 

r e s e r v a t i o n  concerning t h e  account ing of 

1 _ _ _  L - ---- - L -- -'L -- -- 
=o .z, =z 

Fig.1. both r e f e r e n c e  stars,  then  b,  = 0 .  The 

nonorthogonal  terms of r e f r a c t i o n  can then be d i s r ega rded ,  and 
the accuracy of formulas (2) i s  j u s t  as good as t h e  one ob ta ined  
by t h e  s ix -cons t an t  method. I n  o t h e r  words i n  t h i s  case t h e  
tk.,ir5 &cczec Siqerf luous ,  of which one can be e a s i l y  con- 
v inced  by apply ing  t h e  Sch le s inge r '  s method of "dependences". 
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I n  t h e  g e n e r a l  case, t h e  cour se  of ou r  problem's  s o l u t i o n  
i s  a s  fo l lows .  

Knowing t h e  o p t i c a l  center  of t h e  p l a t e ,  w e  c a l c u l a t e  by 

According t o  t h e  measured COOT- 

W e  o b t a i n  t h e  i d e a l  coo rd ina te s  of t h e  o b j e c t  X,  , 

t h e  e q u a t o r i a l  coo rd ina te s  of t h e  r e f e r e n c e  stars t h e  i d e a l  co- 
o r d i n a t e s  of s ta rs  X i  and Yi. 
d i n a t e s  of stars and of  t h e  o b j e c t ,  w e  c a l c u l a t e  t h e  c o e f f i c i e n t s  
a ,  and b ,  . 
Y o  from formulas ( 2 1 ,  and from t h e s e  coord ina te s  w e  o b t a i n  t h e  
e q u a t o r i a l  coo rd ina te s  a ,  and 6 , .  When u t i l i z i n g  t h e  photogra- 
p h i c  c a t a l o g s  of t h e  "Sky Chart" ,  it is  p o s s i b l e  t o  apply formu- 
las (2) d i r e c t l y  t o  t h e  r ec t angu la r  coord ina te s  of  r e f e r e n c e  
stars l i s t e d  i n  t h e s e  ca t a logs .  In  t h i s  case t h e  choice of 
stars is  cons iderably  increased  s i n c e  t h e  p o s i t i o n s  of stars up 
t o  t h e  12th  v i s i b l e  magnitude are given i n  t h e  photographic  cata- 
logs .  W e  s h a l l  t hus  o b t a i n  t h e  r e c t a n g u l a r  c o o r d i n a t e s  of t h e  
o b j e c t  i n  t h e  "Sky C h a r t "  p l a t e  s y s t e m ,  and a f t e rwards  w e  s h a l l  
calculate  t h e  i d e a l  coord ina tes  wi th  t h e  a i d  of  c o n s t a n t s  of t h i s  
p l a t e  and, f i n a l l y ,  t h e  e q u a t o r i a l  coo rd ina te s  of  t h e  o b j e c t  
sough t  f o r .  A t  t h e  s a m e  t i m e  w e  should  remember t h a t  an addi-  
t i o n a l  source  of e r r o r s  a r i s e s  from t h e  non co inc idence  of t h e  
o p t i c a l  c e n t e r s  of o u r  p l a t e  and of t h e  "Sky Char t"  p l a t e .  
S c h l e s i n g e r  ( l o c . c i t ,  p 78)  n o t e s  t h a t  f o r  a d i f f e r e n c e  of 1' 
between t h e  o p t i c a l  c e n t e r s  of t h e  p l a t e s  t h e  error i n  t h e  
p o s i t i o n  of  t h e  o b j e c t  w i l l  be less than 0.5 sec, 

However, t h e  f i e l d  covered i n  t h e  sky can be much l a r g e r  
t h a n  t h e  a r e a  of  t h e  p l a t e  of a normal a s t rog raph  ( 4  square  de- 
g r e e s ) .  For example, t h e  p l a t e  of a zonal  a s t rog raph  covers  an 
area of 25 square  degrees .  The o b j e c t  may be l o c a t e d  f a r  away 
from t h e  o p t i c a l  c e n t e r  and then  t h e  s u i t a b l e  p l a t e  of t h e  "Sky 
Chart ' '  wi th  r e f e r e n c e  stars w i l l  have an i n c l i n a t i o n  t o  o u r  
p l a t e  g r e a t e r  than  lo, which may l ead  t o  an e r ror  i n  t h e  p o s i t i o n  
of t h e  object  g r e a t e r  t han  1 sec. I t  should  a l s o  be noted  t h a t  
t h e  use of  photographic  c a t a l o g s  g e n e r a l l y  i s  a r a t h e r  complex 
m a t t e r  i n  view o f  d i v e r s i f i e d  forms of p u b l i c a t i o n  of such cata- 
l o g s  by d i f f e r e n t  o b s e r v a t o r i e s .  I n  a d d i t i o n ,  sC! f a r  t h e  sys-  
t e m  of  s t e l l a r  p o s i t i o n s  has n o t  been de f ined  i n  t h e s e  c a t a l o g s .  

For t h i s  reason ,  w e  b e l i e v e  t h a t  i t  i s  important  t o  d e r i v e  
formulas which w i l l  make i t  p o s s i b l e  t o  o b t a i n  a. and 6 ,  of t h e  
object d i r e c t l y  from t h e  e q u a t o r i a l  coo rd ina te s  of r e f e r e n c e  
stars.  For t h i s  purpose expansions i n  ser ies  are used,  i n  which 
i n  o r d e r  t h a t  t h e  problem does n o t  l o s e  i t s  p r a c t i c a l  importance 
it makes no sense  t o  u t i l i z e  t e r m s  above t h e  second o r d e r .  Fur- 
t h e r  i n  t h i s  a r t i c l e  w e  s h a l l  l i s t  those l i m i t i n g  c o n d i t i o n s  
which permi t  us t o  d i s c a r d  t h i r d - o r d e r  t e r m s  w h i l e  s t i l l  r e t a i n i n g  
t h e  r e q u i r e d  p r e c i s i o n .  

L e t  us zsc the f e r ~ z l ? s  nvmm=@d r- -A- - -  - by A .  KBnia [ 4 1  f o r  t h e  
expansion i n  series up t o  and i n c l u d i n g  t h i r d - o r d e r  terms: 



6 

L e t  us s u b s t i t u t e  t h e s e  express ions  i n t o  formulas ( 2 )  i n s t e a d  
of coord ina te s  X , ,  X , ,  X, and Yo, Y , ,  Y , :  

X,-~X',-Q~(X',--J)+ (J'Z-yJ) f  

yo  - yI  = a, (Y*- -YJ) -  bi (XZ-xJ). 

Then, w e  o b t a i n  

a, - z, =I a, (ct2 - E,) -1- b ,  (2, - Z,) scc D f- 
+ [ ( a o  - A )  (? , - -D)- (a ,  - A ) ( E , - l ~ ) - - ~ ,  ( u , - - A ) ( E 2 - - D ) +  

b 4- a, (z, - A) @, -1I)J t q  D-1- -;-[(%, -- A ) * - ( x ,  -A) ' ]  sin Df- 

-+f-d-[nJ(x2-A)5-oJ ( ~ , - A ) ' - ( a o - A ) 3 - ~ - ( a J  - A4)3] ( 3 c 0 s 2 1 ~ - - i ) - ~ -  1 

4- -F b l  [(E, - A)' (2, - D) - (a, - A)? (S, - D)] cos 2L) scc D 1- 

b q- -;- [ ( E ,  - 4 3  - (al - D)3 J scc D; 

5,- 2, = a, ( Z , - E , )  - b,  (x2-a, )  cosD -t 
+-,- [o,  (a, - A)? - a ,  (a, - *4)'--('lo - A)' -1- (v ,  - A)'] sin I) cos D + 

-E b, [ ( T ,  - A )  ( E ,  - D) -- ( x ,  -- A )  (?, - D)] sin D 1- 

3 

0 4 - y  [a ,  ( x ,  - A)? -n) - a ,  (3, - A)' (2, - D) - 
-(u, -A)* ( E ,  - 0) + (2, - A)* (2, - U ) ]  COS 2 0  -1- 
i -k3- [a,(~,-1~)5-a,(~,-1~)3-(E,--~)1-~ (Zl-D)3]3- 

- - b ,  -. [(a, - A ) ' -  (cx, - A)'] cos D (3 cos211 - 1). 
6 

I n  t h e s e  formulas ,  t h e  d i f f e r e n c e s  between r i g h t  a scens ions  
and d e c l i n a t i o n s  are expressed i n  r a d i a n s .  

L e t  us s t a r t  w i t h  an e s t ima te  of t h i r d - o r d e r  terms i n  t h e  
f i r s t  equa t ion .  The b racke t  i n  t h e  f i r s t  such term wi th  t h e  
c o e f f i c i e n t  $ ( 3  cos2D -1) can be r ep resen ted  as fol lows ( r e m e m -  
b e r i n g  t h a t  a l  + a 2  = 1): 

[ a ,  (a, - A)'+ Q, (a ,  - A)' - (a,, - A ) ' ]  = 
= a ,  [ ( z , - A ) ' - - ( a , - A ) ' ] - ~ n ,  [ ( a J - A ) ~ - ( ~ o - A ) ' ]  = 

= a ,  (a,-ao).~~a,-Aj"+ (.,--.?) (go 

-a ,  (zo-a,)  [(a1--4)1+ (u , - -A)  (~,-.4)+(ct0-.4)'] 

. I, A )  -f- (no- --! nl* l -  J 
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L e t  us s u b s t i t u t e  he re :  

a,-a0 = a,  (gXn-a,) -1- b, (b,--2,) scc 11, 
a,  - al  r= a, (a,--cx,) 4- b1-& - 8,) scc D.  

Then, w e  o b t a i n  : 
q u a  (a2-ar) [(a~-A)'-(a,-A)l-l-  (a,--) (az-al)]-  

- b ,  (C,-&,)srr 1) [ a ,  ( Z ~ - - A ) ' - U ~  (a,-A4)2+u,(a,-A) (a, -- A ) +  
+ Q, ( 'L - A )  (ao - A )  - t (x1 - A)' + (3, - A)'] = 

= alat (a,-a,) [(az--%) (z ,  4 z,--2A) -1- (ao- A )  (u2--aJ]-  

-b, c2--a1) PC(' I )  [(I, (ar-gl)  (z2 t a1-211)-I- (.,-A) (u ,a ,$ap , -A)+ 
t (al--n)* -t (a,--4'1. 

Disregard ing  t h e  tern wi th  b:, w e  may p o s t u l a t e  ~ , c x ~ + ~ , Q ~ = ~ ~ ~ =  a o .  
Then : 

~ ~ a , ( ~ , - a ~ ) * ( ~ ~  +a,+a,-3A)-bb, (?,-a,) scc D [ n ,  (a,-al) x 
x (al + a,-2A) -1- 2 (z,-A)' + (*,-A)*] -- 

n> - E. 3a,a, (r,-a,)* ( .,+;;-:.o - 

A 4- 2 (%,-A)' -k (%,-A)' . 1 
, we o b t a i n :  

1 a,-t-*, --b, ( ~ ~ - 8 , )  scc D (ao-a,) 2 &-- - 
( 2  

2 - a0 

c 
Assuming i n  term b, approximately a z - b a ~ -  

3q0,  (Z,--~JS (--3-- Z? -I- 21 + 3 0  - A )  - b ,  (i31--81) BCC D [2 (%,-A) (a,--A) + 
+ (a,--n)ll* 

For t h e  numerical  t a b u l a t i o n  o f  t h e s e  terms, t a k i n g  t h e  
c o e f f i c i e n t  ( 3  cos2D -1) i n t o  account ,  w e  can w r i t e  t h e  f o l -  
lowing expres s ion :  

1 -,-a,ua(a2-~,)z ( '~-- .4)(3cos~D-1)-  

- - - b ,  1 ( ~ , - - , ) ( a - A ) ~ s c c D ( 3 c . 0 s ' D - 1 ) .  
2 

By t h e  d i f f e r e n c e  ( a - A )  w e  imply t h e  o r d e r  of  t h e  mean va lue  
of t h e  d i f f e r e n c e s  ( a o  - A ) ,  (a1 - A)  and ( a 2  - A ) .  

The f a c t o r  ( 3  C O S ~ D  -1) varies from 2 t o  1 as D v a r i e s  from 
O o  t o  9 0 ° .  The d i f f e r e n c e  (a2 - a , )  i s  seldom g r e a t e r  t han  lo 
o r  3600 sec. If  a t  h ighe r  d e c l i n a t i o n s  t h i s  d i f f e r e n c e  i s  twice 
as g r e a t ,  t h e  faytor  ( 3  c p s 2 D  -1) then  becomes t w i c e  as small .  
The c o e f f i c i e n t  2 a l a 2  4 ;. 
t h a t  

Thus ,  i f  w e  want t h e  term 
t o  be s m a l l e r  than 1 sec, it i s  necessa ry  7 n,n: (~,--a,)* (a-A)  (3 C O ~ , ~ D - - I )  1 

(3GOO")' (a-  A )  - 2 
8-(20G21J~)' 

- -- -- < I", 
whence !cc - A )  4. 3O30 min. 
( a  - A) must be < 2 0 ' .  

I n  case an error < 0 . 1  sec i s  al lowed,  



8 

W e  s h a l l  examine t h e  term wi th  b ,  t o g e t h e r  w i t h  the  fo l -  
lowing t h i r d - o r d e r  term Of our expansion. T h e  bracket  of t h i s  
term can be r ep resen ted  i n  t h e  form: 

(a,  - Ij)' (7', - i, + 6, - D )  - (a, - A)' ( 2 ,  - n) = 

( z t -  a , )  (a, +al -%I) (6, - D ) i  (a, ---i1)' (ia-Ze,) = 

= [(al __ A): - (a, -A)']  (a ,  - U )  -1- (a, - A)' (ZP - 2,) z= 

E 2 (a3 - a,) (**? - A )  (;, - D )  4- (z, - A)' ( a a - z i ) *  

By s u b s t i t u t i n g  w e  f i n a l l y  obta in :  

b, cos 2D scc D (a, - a,) (z, - A )  (i;, - 0) +- 
' b  +-+ (Zcos? 11- 1) scc D (za-A)l (2,--Zl). 

The second term i n  t h i s  express ion  w i l l  b e  p a r t i a l l y  reduced 
w i t h  t h e  corresponding term of t h e  prev ious  expansion,  so t h a t  
there remains : 

--_ b1 (8, - E , )  (a - 11)' cos D. 
2 

The c o e f f i c i e n t  of t h e  f i r s t  t e r m  c o s 2 D  sec D v a r i e s  f r o m  1 t o  0 
as D v a r i e s  f r o m  0"  t o  45" and f r o m  0 t o  - 1 a s  D varies from 
4 5 "  t o  60". Assuming b ,  < 0 . 1  w e  may see t h a t  i n  order t h a t  
t h e  whole term be < I sec (a, - A) and ( 6 ,  - D) should  n o t  be 
g r e a t e r  than  3 " .  Decl ina t ions  > 60' w i l l  g i v e  a g r e a t e r  error .  
I n  r ega rd  t o  t h e  l a s t  th i rd -o rde r  term i n  the  expansion of ctC, - al, 
w e  can e a s i l y  see from t h e  t a b l e s  proposed by Koenig (1oc . c i t . p  545) 
f o r  t h i r d - o r d e r  d i f f e r e n c e s  between t h e  arc and t angen t  t h a t  fo r  
D < 60" t h i s  term w i l l  be < 1 sec when ( 6  - D) < 3O30 min. 

Thus, w e  may conclude t h a t  t h e  i n f l u e n c e  e x e r t e d  by t h i r d -  
order term g e n e r a l l y  w i l l  n o t  be greater  than  1 sec i f  t h e  o b j e c t  
is  n o t  located f u r t h e r  than  2'5 from t h e  o p t i c a l  c e n t e r .  The 
error  w i l l  no t  exceed 0 . 1  sec i f  t h e  o b j e c t  i s  close t o  t h e  op- 
t i c a l  c e n t e r .  I f  t h e  r e fe rence  s t a r s  a r e  located c l o s e  t o  t h e  
object  be ing  determined and i f ,  i n  a d d i t i o n ,  b ,  i s  very s m a l l ,  
t hen  the i n f l u e n c e  e x e r t e d  by t h i r d - o r d e r  t e r m s  becomes even 
lesser. 

I t  may be shown by means of s i m i l a r  t r ans fo rma t ions  of 
t h i r d - o r d e r  t e r m s  i n  t h e  expansion of 6 ,  - 6 , t h a t  t h e s e  terms 
too w i l l  n o t  exceed 1 sec on a 5' x 5" p l a t e  and 0 . 1  sec i n  a 
30 '  x 30 '  area around t h e  o p t i c a l  c e n t e r  so long as t h e  d i s t a n c e  
between t h e  r e fe rence  s tars  i s  n o t  g r e a t e r  than lo, b,  < 0 . 1  and 
D G60". 

L e t  u s  now analyze the second-order terms. L e t  us rewrite 
the bracket around t h e  f i r s t  such t e r m  i n  t h e  expansion of 
a. - a 1  as fo l lows:  
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L e t  us s u b s t i t u t e  here:  

a,--b, =a,  (a,-sr,) + b, (2,-J,) s c c . I ) ,  
E o - ; ,  = a1 ( ; l - - a , ) - - b ,  (ct2--aI) cos D, 
a,--,, = (z, (a,-a,) 4- b,  (~~-6,) scc I), 
B , - E ~  = a, ( a , - ~ , ) - b ~  (a,--a,) cos D. 

Then, w e  o b t a i n  : 

--a,a, (az-al)  ( ~ ~ - 8 , )  + b ,  (;2-8,) sccD (a,;, + o , ? ~ - D ) -  
-b,  (aa-aI )  C O S D  (.,-A). 

The second second-order term a t  s i n  D can be t ransformed as 
fo l lows:  

4 * 

a? t- al 5 (a,-a,) (*?+al-2n)=-b,(r/.,-~I)-2-- 
2 

I f  bo th  t h e s e  second-order terms are combined and the  coeffi- 
c i e n t s  tgD and s i n  D are taken i n t o  c o n s i d e r a t i o n ,  w e  ob ta in :  

-a,o,(*,-a,) (+-q QD-I-b ,  @*-fq [a, +a, (.‘2--a,)-DD] scc.D t g D +  

+ b, (ct,--a,) [ ~ ~ ~ - - a , , )  sin D. 

The f i rs t  term w i t h  b ,  acqu i r e s  s u b s t a n t i a l  va lue  when t h e  
object  i s  l o c a t e d  fa r  away from t h e  o p t i c a l  c e n t e r  a long  t h e  
d e c l i n a t i o n  and a t  t h e  same t i m e  a t  l a r g e  d e c l i n a t i o n s .  

The second term w i t h  b ,  can be t ransformed as follows: 

Therefore, t h i s  term can be d i s r e g a r d e d  when a?, i s  close t o  a , ,  
i . e .  when t h e  o b j e c t  is  c l o s e  t o  t h e  middle p o i n t  between t h e  
r e f e r e n c e  stars. L e t  us cons ider  t h e  second-order terms i n  t h e  
expansion of 6 ,  - 6 , .  The  f i rs t  such term can be r e w r i t t e n  as 
f o l l o w s ,  o m i t t i n g  fo r  t h e  t i m e  be ing  the f a c t o r  s i n  D cos D: 

a ,  r ,  l , a , - ~ j ~ - - < ~ o  .!y] -k C, [(~+.:---/r-!~-(a;-A)~] = 

= u,(gl--a0)(x, +a0--:1)+ a , ( a , - a a , ) ( a , + a o - 2 ~ ) ~  
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L e t  us s u b s t i t u t e ,  as earlier:  
ao-a, = '7, (a,-.,)+ b, (a2-6,) scc D, 
a,-a0 = n, (u,-z,) + b, (a2-8,) scc D. 

Then, w e  o b t a i n  : 

L e t  us now examine t h e  fol lowing second-order  term, omi t t i ng  
for t h e  t i m e  geing t h e  f a c t o r  b, s i n  D. 
r ep resen ted  as fol lows:  

The bracket can be 

[(~,-a,~a,--n)(r:l-~l$ijl-D)-(II-,.l)(.jl-D)]= 
= (a, - a,) (a, - D) 3- (a, - A )  (6, - 8 , ) .  

Taking i n t o  account  the  p rev ious ly  omit ted f a c t o r s  and 
examining t o g e t h e r  both terms wi th  b ,  w e  ob ta in :  

6,  silt 1) [(q, - a,) (a, -- U) -1- (a, -- / I )  (cZ -a1) - ( 5 ,  -- 6,) (zU - A ) ]  = 
-bb, s i i i ~ [ ( z ~ - - a l ) ( ~ , - ~ ) - ~ -  (s2- ~ , ) ( ~ , - u ~ ) ] = = 6 , ~ ~ 1 ~ ~ [ ( a ~ - a , ) ( ~ ~ - ~ ) ~  

-(3,-3,)a, (a,-aa,)J=:6,sir~D(a,-aa,)[r:,-u,(~,-~,)-~D]. 

Thus, t h e  second-order t e r m s  f o r  6, - 6 ,  w i l l  be: 
- 1 a , n , ( a , - a a , ) Z s i i ~ 2 ~ + b , ( a , - a a , ) [ d , - ~ a ,  (e,-8,)--L>]sinD. 
4 

I n  ou r  t r ans fo rma t ions  w e  omi t ted  t h e  t e r m s  w i th  b:. 
sinD the factor  0 2 - a r  

t h i s  term. Thus, f i n a l l y ,  w e  can w r i t e  t h e  fo l lowing  formulas ,  
which are s u i t a b l e  f o r  p r a c t i c a l  a p p l i c a t i o n :  

I n  a second-order  t e r m ,  when ao-- a,: b,(a2-al)'- n. - n,  

u s u a l l y  does n o t  exceed 0.15. Therefor&, w e  w i l l  also omit 2 

SCC I )  
a, == a, + a, (a, - a,)$ + I r ,  (a,-&,)" - a,a, (a, - a,)s (a2 - a,)" tg D sin 1" + 

D ]  1:, BCC D tg D sin 1"; 4- b , ( %  - 61) [a1 +a,(% - 8,) - 
8,  = 6, -/-~,'(a, - - 6, (I* - a , )8 i5!~Os  D -1- ( 3 )  

+ 4 ala, (az- a,)'* sin 2L) 15'sin 1" f 

+ b, (z, -a,)8 [a, -a, (a, -al) -Dl 15 C O S D  tg  D sir1 1 1  

T a b l e s  have been compiled t o  f a c i l i t a t e  the  c a l c u l a t i o n  of 
second-order t e r m s .  T h e  f i r s t  table g i v e s  t h e  term: 

0.25 (a, - al),(6, -3,)" sin I" ,  

The a u x i l i a r y  t a b l e  gives t h e  f a c t o r  -55. The second t a b l e  
g i v e s  t h e  term: 0.250 

- 1 - 0.25 (a, - a 1 ) 2 s  sin 2 0  15'sin 1". 
4 
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( I ,  -71 - - -  a1-at - -  
0.250 01 - _.___ 

0.250 01 

? 

The t h i r d  t a b l e  g i v e s  second-order terms wi th  b ,  wi th  r e s p e c t  
t o  t h e  arguments: 

1 .ooo 
1 .ooo 
0.998 
0.97l-l 
0.  !M 
0. !I30 
0.98t 
O.!t’rO 
0.9i4 
0.9G8 

or 

0.400 0.  coo 0.360 
0.390 o.r,io 0.952 
0.  :W(J 0.620 0.3fI2 
0.370 0.1 30 0.332 
o.x-0 0.CflO 0.922 
0.3.50 0.650 0.910 
0.3f10 0. 6rIo 0.838 
0 .330  O.Ci70 0.8Sh 
0.320 o . r,w 0.870 
0.310 0 . m  0.85G 

b,  (a ,  - a,)  15 COS D and [ h  - 0,  (h  - 8,) - 01. 

The va lues  given i n  t h e  t a b l e s  should then  be m u l t i p l i e d  by 
tgD. 
formulas ( 3 )  w e  wish t o  say a f e w  words about  t h e  i n f l u e n c e  
e x e r t e d  by nonorthogonal r e f r a c t i o n  t e r m s ,  n o t  accounted for  
i n  t h e  o r i g i n a l  formula (1). According t o  Kdnig’s formulas loc. 
c i t .  p.530) t h e s e  t e r m s  have t h e  form of  c o r r e c t i o n s  made on 
t h e  measured c o o r d i n a t e s ,  whereupon he re  one may assume t h e  
o r i g i n  of coord ina te s  t o  be l o c a t e d  n o t  n e c e s s a r i l y  i n  t h e  o p t i -  
ca l  c e n t e r  b u t ,  for  example, i n  t h e  f i r s t  r e f e r e n c e  star:  

Before w e  undertake t h e  s o l u t i o n  of an example based on 

0.?00 
rl.I!JO 
0 .  I S 0  
0.170 
0.11‘0 
0 .  150 
0.l’rU 
0.130 
o . j ? o  

A U X I  L I  ARY T A B L E  

o.so0 
0.810 
0.820 
0 .S :CO 
O.S’l0 
0.850 
0 . 8 ‘ 0  
0.870 
0.SSO 

0.500 
O.fl90 
0.  ’ IC0 
o.fi70 
0 . fl 60 
0.fl5n 
0 . f l  ‘I 0 
0 . c 30 
O.f I20  

~ 0.410 

0.CJIO 0.100 0.900 
o.fJ1l; 
0.590 
0.51’4 
0.538 
0.510 
O.fi70 
0 .452  
0.522 

0 .  :I00 
0.510 
0.520 
0.  ! I : w  

0. 5’10 
0 .  5:10 
0 .  !I 
0 .  : I70 
0.580 
0. :m 

0.260 0.300 0.700 
0.2!W 0.710 
0 .SO 0.720 
0 . 2 7 0  0.7:w 

0.2.10 0.750 
0.2’10 0.760 
0.2:w 0 .7 ;0  
0 . 2 2 0  o . i s 0  
r.210 I 0.730 

O . Y ‘ ( J  0.740 
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where t h e  q u a n t i t i e s  k ,  and k ,  are determined f r o m  t h e  corres- 
ponding p a r a l l a c t i c  t r i a n g l e  and P and B are c o n s t a n t  refrac- 
t i o n s .  Under A y i  w e  imply y L  - y 1  = Ay or  y o  - y 1  = A y , .  I n  
o r d e r  t o  g e t  an i d e a  of the  numerical  va lue  of these c o r r e c t i o n s ,  
l e t  us t u r n  t o  K f l s t n e r ' s  tables fo r  t h e  Bonn Observatory p r i n t e d  
i n  [5]. From these tables w e  can see t h a t  c o r r e c t i o n s  i n  l a r g e  
hour  ang le s  and a t  zen i th  d i s t a n c e s  up t o  75" amount t o  as much 
as 0 .0002 of t h e  coord ina te .  The effect  of t h i s  error on cons- 
t a n t s  a l  and b l  can be found by d i f f e r e n t i a t i o n  of t h e s e  cons- 
t a n t s  w i t h  r e s p e c t  t o  Ax, and A y i .  I n  f ac t ,  i f  w e  denote  by dx 
and d y  t h e  c o r r e c t i o n s  p e r  coord ina te  u n i t  ( i .e .  t h e  c o e f f i c i e n t s  
i n  f r o n t  of A Y i ,  depending on 6, e ' ,  and k 2 ) ,  w e  ob ta in :  

-. 

T A B L E  3 

Second-order terms w i t h  b ,  

O i o  I 
.u i  . 0 : ~  
.07 
.03  
. 1 0  
. l?l 

.1s . l!) 

.?I 

. 23 

.2fl 

.?6 
* .'3s 

.:io 
-31 
.33 
.3:, 
.37 
. 3 s  4 
.47 
.43 

.52 

I 

ios 1 ?Os SOs 

4OS 11, 10s I 208 305 1 40' 
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Thus, as w a s  t o  be expected,  t h e s e  c o r r e c t i o n s  vanish  com- 
p l e t e l y  a t  b ,  = 0 .  I f  w e  assume as an example Ax = A y ,  t h e  
f r a c t i o n s  are r e s p e c t i v e l y  t ransformed i n t o  d y  and d x .  Postu-  
l a t i n g  b ,  = 0 . 1  w e  o b t a i n  a maximum va lue  f o r  d a l  and d b ,  of 
t h e  order 0 .0002.  When the d i s t a n c e  between r e f e r e n c e  stars 
is  about lo i .e .  3600  sec, w e  w i l l  o b t a i n  an error < 1 sec 
even a t  very  l a r g e  z e n i t h a l  d i s t a n c e s .  

As an example, w e  have chosen t h e  de te rmina t ion  of t h e  
p o s i t i o n  of a s t a r  l o c a t e d  between t w o  r e f e r e n c e  stars whose 
p o s i t i o n s  w e r e  bcrmwed by u s  from t h e  photographic  catalog 
of He l s ink i  Observatory,  V o l .  V I ,  p l a t e  No .665 ,  w i th  t h e  
op t ica l  c e n t e r  A = 15h 45m O ? O O  and D = +45OOO:O ( 1 9 0 0 ) .  A c c o r -  
d ing  t o  t h e  c a t a l o g  t h e  p o s i t i o n  of t h e  s t a r  sought  f o r  is:  

ai c 15h 45~35878, 6, = + 45"6'310. 

The s o l u t i o n  is:  
a, = 15h43m20149, 5 ,  = + 44'25'29:5, 
a,= 15 47 18. 88. a,= +4G 1 G  11. 9 __ ._ _ _ _ _ _  
a? - a ,  = + 4%3:.39 8, - 6, == -1- 50'42:4 

r= +398?39 =& 4-304214 

xo = -I- Gmm557, yo = + 6mm183, 
x, = -22s. 375, yl = -34. 255, 

a, = + 0.7248, 
a, = -t 0.2752, 

Z, = + 24. 731, 
2,- Z, = + 53.1OG = AS, 
X, - X ,  :- + 3h.m2 = A r 1 ,  

y2 = + 16: 402, 6 ,  == -0.0702. ____ - 
y, - y, 5 + 50.657 = A ~ J ,  
yo - !/, -- + 40.4GS = 

1 5 h  42'" 20: 4 9 ,  C' + 44'25'2915, 
+ 3  36.27, 0 ,  (C,-a6,)  + 3G 45.1, 

15 45 36.68 + 4 5  5 56.8 

+4.8 - .ss . n,na. 
- . O l  11 11 . 6 , .  + i .4  

1 5 W P  3 x 7 9  9'0 + 45'6'XO 

a ,  
a, (a, - -  3 1 )  

scc I )  
b,(&s - 8,) ~j -220.08 - b , ( a p - a I ) 1 5 c o s I l  + 3 42.2 

s e c o n d -  s e c o n d -  
o r d e r  t e r r n ' " l a a  o r d e r  t e r m  

- . 'I . b,  I t  

- 
a, 

From formulas (3 )  and a lso f r o m  a n a l y s i s  of  t h i r d - o r d e r  
terms w e  can see t h a t  terms w i t h  b l  create a d d i t i o n a l  d i f f i -  
c u l t i e s  and errors. Therefore ,  it is advar,tageous t o  have b , =  
= 0 .  T h i s  can be achieved w i t h  the  a i d  of a t h i r d  r e f e r e n c e  
s t a r  i n  t h e  fo l lowing  manner. L e t  there be an o b j e c t  sought  
f o r  which i s  l o  ated i n s i d e  (and i n  e x c e p t i o n a l  cases a lso  out-  
side) t h e  t r i a n g l e  formed by t h e  three r e f e r e n c e  stars. Then, 
after rnnnec t ing  one of t h e  stars and t h e  o b j e c t  sought  f o r  by 
a s t r a i g h t  l i n e ,  l e t  us extend  t h i s  l i n e  u n t i i  it iiite&ezts 
t h e  s t r a i g h t  l i n e  connecting t h e  o t h e r  t w o  r e f e r e n c e  stars. 
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The p o i n t  of i n t e r s e c t i o n  can be assumed as a f i c t i t i o u s  s t a r  
whose coord ina te s  w e  can determine from t h e  t w o  r e f e r e n c e  stars;  

i n  t h i s  case, i t  i s  e v i d e n t  t h a t  b l  = 0 .  
- - c  A f t e r  c a l c u l a t i n g  t h e  e q u a t o r i a l  coord i -  ' n a t e s  of t h e  f i c t i t i o u s  s t a r ,  l e t  us  use  

these coord ina te s  f o r  determining clo, and 
6 0  of t h e  o b j e c t  sought  f o r ,  whereby i n  
t h i s  case b ,  i s  a l so  e q u a l  t o  zero .  Thus, 
the process  i s  broken down i n t o  us ing  for- 
mulas ( 3 )  t w i c e ,  b u t  w i thou t  terms w i t h  b , .  

must determine t h e  coord ina te s  x and y of  
- Fig.2 t h e  f i c t i t i o u s  s t a r .  This  can 5e done by 

means of a c a l c u l a t i o n .  Indeed, s i n c e  b ,  = 

I n  o r d e r  t o  f i n d  c o e f f i c i e n t s  a, w e  

= 0 i n  both c a s e s ,  w e  o b t a i n  t h e  fo l lowing  t w o  cond i t ions  f o r  
de te rmining  t h e  coord ina te s  - x and y :  

(y, - 7J3) (z -z*) - (za - rJ (9 - YJ = 0, 

(y - yl) (zo - r,) - (. -TI) (Yo - Y2) = 0, 

whence 
5 (y3 - y2) - y ( x 3 - r z )  = w 3  - YZZJ, 
5 (yo c y,) - y (To - z,) = ~ I Y O  -- Y P o .  

From these two equat ions  w e  can f i n d  x and y of t h e  f i c t i t i o u s  
s t a r  and then  w e  c a l c u l a t e  c o e f f i c i e n t s  a1 wi th  t h e  a i d  of known 
formulas.  The problem of determining a 1  can be g r e a t l y  s impl i -  
f i e d  by measuring t h e  p l a t e  i n  a s p e c i a l  manner. Namely, af ter  
o r i e n t i n g  t h e  p l a t e  i n  such a way t h a t  t h e  s t r a i g h t  l i n e  connec- 
t i n g  t w o  r e fe rence  stars co inc ide  w i t h  t h e  h o r i z o n t a l  f i l a m e n t  
( l i n e )  of t h e  in s t rumen t ,  w e  measure t h e  coord ina te s  of a l l  
r e f e r e n c e  stars and of  t h e  object  sought  f o r  ( F i g . 2 ) .  The 
f i c t i t i o u s  s t a r  is denoted by t h e  l e t t e r  c.  

Then, w e  ro ta te  ( t u r n )  t h e  p l a t e  i n  such a way t h a t  t h e  
ve r t i ca l  f i l a m e n t  ( l i n e )  co inc ide  wi th  t h e  s e l e c t e d  p a i r  of 
stars,  and w e  aga in  measure a l l  coord ina te s .  From such tri- 
a n g l e s  w e  can see t h a t  

A P - A d  0,  r= - -- -- 
A c  All' 

The segments Ad and Aa are known f r o m  measurements. I n  o r d e r  

t o  f i n d  f l ; = j l C = -  I,c- , w e  f i n d  t h e  segment Ilc nat a c  

I n  t h e  case  of three stars and w i t h  such a method of 
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measurement it i s  n o t  necessary  t h a t  t h e  v e r t i c a l  motion be 
n e c e s s a r i l y  pe rpend icu la r  t o  t h e  h o r i z o n t a l  directiop i n  
which t h e  measurement scale i s  d isposed ,  as w a s  t h e  case of 
t w o  r e f e r e n c e  s t a r s .  Thus, t h r e e  r e f e r e n c e  stars g i v e  a 
b e t t e r  p r e c i s i o n  wi th  lesser l i m i t a t i o n s .  

Therefore ,  t h e  formulas used f o r  c a l c u l a t i n g  t h e  coor- 
d i n a t e s  of t h e  o b j e c t  sought f o r  wi th  t h e  a i d  of t h r e e  refe- 
r ence  stars w i l l  be  as follows: 

a, = a1 + u, (a - a,)s - olu2 (a - al)s (2 - e,)" t g D R i r i  1", 

a = a, + u; (a, - a$ - ala, (a3 - a$ (2, - 6,)" tg Dsin I", 

E ,  = t ,  + u, (6 - 6,)" + -4- alat  (a - a,)?S sin 21) 152 sin I", 

where 

( 4 )  a 

where 1 

I 
4 E = 3, + n; (8;- a,)"+ - - uInJ (a, - a2)' %in 2 0  15'sin 1". 

Nonorthogonal r e f r a c t i o n  t e r m s  are a l s o  taken  i n t o  account  by 
t h e  very  same formulas.  

EXAMPLE. W e  s h a l l  r e so lve  by means of o u r  method t h e  
example given i n  S c h l e s i n g e r ' s  a r t ic le  ( loc.  c i t .  p .84 ) .  

Given a r e  t h e  fol lowing three r e f e r e n c e  stars: 

a, =1 15h34 m3051, 6, = - 17" 42'1S".1, 

1 ~ , - 1 5 5  33 0.28, E,=-l7 2011.1, 
a,=15 35 40. 24, a,= -17 33 75. 5. 

Measurements gave: 

X ,  

x ~ -  -37. 744, ya 

- 71. 537, y1 = + 15.453, 
+ 53.4OSl 

2,= 0.000, ya=  0.000, 

Z, r= - 4 3 . 3 9 6 , ~ ~  = + 30.209. 

Coordina tes  of t h e  p o i n t  of i n t e r s e c t i o n  (of the  f i c t i t i o u s  
s t a r )  w i l l  be found a n a l y t i c a l l y .  W e  o b t a i n :  

2 = - 26.374, 

y = + 37.319. 
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From formulas ( 4 )  w e  o b t a i n  t h e  coord ina te s  o f  t h e  f i c t i t i o u s  
s tar :  

and f i n a l l y ,  t h e  coord ina tes  of t h e  o b j e c t  sought  f o r :  
1 

= 15'1 32111(15!1G, i, = - 17" 3" f a 2 3  r 

These va lues  are i n  p r e c i s e  agreement wi th  S c h l e s i n g e r ' s  
d a t a .  

P u l '  kovo Observatory 
1 0  February,  1 9 4 7 .  

* * * THE END * * * 
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